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ON UNIFORMLY BOUNDED BASIS IN SPACES OF HOLOMORPHIC 

FUNCTIONS 


JEAN BOURGAIN 


Abstract. The main result of the paper is the construction of explicit uniformly bounded 
basis in the spaces of complex homogenous polynomials on the unit ball of extending 
an earlier result of the author in the case. 


1. Introduction 

This Note originates from the reeent paper [|^ that was kindly brought 
to the author’s attention. In the introduetory part of (Sl, the following two 
problems are put forward. 

Problem 1. Let be the closed unit ball in and Sd = OBd = {C G 
IICII = (C) C)^ = 1} bae unit sphere. Denote for N = 1,2,3 ... 

Vn = Vf = span{C = Cr • • • C; > 0 and |a| = «! + • • -LOd = N} 

( 1 . 1 ) 

the space of degree N homogenous polynomials. 

Do the spaces Vn have orthonormal basis that are uniformly bounded in 

L^{Bd)7 □ 

Problem 2. Does the Hilbert space of homomorphic polynomials on Sd 
admit a uniformly bounded orthonormal basis? Same question for smooth 
strictly pseudo-convex domain Q C □ 

The first problem was solved affirmatively in ||B]| if d = 2, henee also 
answering Problem 2 for d = 2. Extending the approach from [jBl to d > 2 
turns out to be not straightforward. In this paper we will give an construc¬ 
tion for d = 3 which potentially may be generalized to higher dimension, 
though this could require additional work. On the other hand, one can pro¬ 
vide an affirmative solution to Problem 2, without going through Problem 
1 . The core of the argument is a general result on orthonormal basis, proven 
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in HO-PH (and going back to a construction due to A. Olevskii, llOlll k which 
seems little known outside the experts’ cirele. 

2. Uniformly bounded orthonormal basis 

We start with the following result (Theorem 2 in HO-PII ). 

Proposition 1. Let E be a separable linear subspace of a Hilbert space 
Lf{p), p a probability measure. Then E admits an orthonormal basis con¬ 
sisting of uniformly bounded functions, if and only if 

(i) E n L°°{p) is dense in E in the Lf{p)-norm 

(ii) i? n {/ G L°°{p) : ||/||oo < 1} A not a totally bounded subset of 
L\p). 

Let U be a smooth strietly pseudo-eonvex domain and a) 

with a the normalized surfaee measure of dVt. We take for E the restrietion 
to dVt of the linear spaee of holomorphie polynomials. Henee eondition (i) 
is obviously satisfied. For U = B^, results from HR-WH and lIH provide a 
sequence of elements p^ G such that ||pAr ||2 = 1 and ||pAr||oo = Cd, 
taking care of condition (ii). 

More generally, for U C C'^ smooth and strietly pseudo-eonvex, a result 
due to E. Low ULoH asserts in partieular that if ^ > 0 is a eontinuous funetion 
on dil, then for all e > 0, there exists g G A(f2) (the algebra of holomorphie 
functions on U that extend eontinuously to fl) sueh that \g\ < f on OU and 

(t({C G aU; 1^1 7^ f}) < e. (2.1) 

Henee A(f2)n{/ G L°°(af2); ||/||oo < 1} is not totally bounded in L^(af2). 
Next, we are invoking a result of Henkin [|Hl, Kerzman [|H and Lieb [|Lil 
according to which elements of A(U) can be approximated uniformly on U 
by funetions holomorphie on a neighborhood of 0, henee by holomorphie 
polynomials. Thus in eonelusion, we again get eondition (ii) satisfied. We 
proved 

Proposition 2. If Q. <Z Ef is a smooth strictly pseudo-eonvex domain, then 
the holomorphie polynomials on dVt admit a uniformly bounded orthonor¬ 
mal basis. 
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3. Construction of uniformly bounded orthonormal basis 

IN Vf 

Answering a question of W. Rudin, the author proved in [[B| that for d = 
2, the spaees admit orthonormal basis that are uniformly bounded in 
L°°(i? 2 ). In this seetion, we revisit this construetion, seeking for a higher 
dimensional extension and succeed in doing so for d = 3. 

We believe that (unlike lIHl) this approach may be generalizable and will 
indicate how. 

Recall that for d = 2, the basis are explicit and simple to describe. More 
specifically, we introduce in flBl polynomials (C = {z,w)) 


MO 


N 




j=0 


p^^^N+1 _ 


(3.1) 


in Vn, where is a suitable unimodular sequence, which is taking to 

be the classical ±l-valued Rudin-Shapiro sequence 


(Tj = (—!)“■’ with ttj = (3.2) 


and Ei the digits in the binary expansion of n. 

Certainly, there are other choices since the only relevant property of {aj} 
is bound 


max 

e 






(3.3) 


where / C Z is an arbitrary interval (we use the notation e{9) = 


Proposition 3. The spaces = span[Cf CfCf > 0,ii+i2 < 

N] admit uniformly bounded basis. 


We need some notation. Let us assume N odd and define 

A = {(ii,i2) e > o, ji + j2 < N} 

Ao = {(o,j); 0 <j<iV} 

A' = |(ii,i2) e A;di > 1,0 < j2 < —y—} 

A" = |(ii,i2) e A;di > 1, ^ < i2 < A -1| 
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Figure 1 


Jl 


1 









ON UNIFORMLY BOUNDED BASIS IN SPACES OF HOLOMORPHIC FUNCTIONS 


5 


Hence A = Aq U A' U A", 

|A| = i(A + l)(A + 2) = D 
N + 1 

|A'| + |A"| = • N. 

Write the following orthogonal decomposition of Vn 

V^ = X®Y 


with 

X = span [C"; (ai, a2) G A' U A"] 

Y = span [C“, CKi = 0] 

Invoking Proposition 1.4.9 from [|Rl, if a = (oi, • • •, ctd) 

{d - 1)! ail ■ --adl 

{d — 1 + tti + • • • + Orf)! 

and for d = 3 



11 Ai2 /-N-ji-j2 112 

llsi ‘b 2 ^3 \\L'^{aBi) 

Let us first consider the space 


- ji - a)! 

(Af+ 2)! 


(3.5) 


y = [CfC3"^”;0<i2<A'|. 

Going back to (3.1), define for /c = 0,..., A the orthogonal system 

gfp 

Since by (3.4) 

II Ai2AAf-i2|| _ r2i2!(N - i2)!l ^ 

IK 2 <53 \\L^{dB3) — Y (_/V + 2)! 

and 

IIAj2Aiv-i2|| . _ rizK-N — i2)h 2 

IK 2 (.3 \\L^{dB2) — Y yn + i)\ 

it follows from the d = 2 construction that 

/N 

= (y + 1 ) <^k (3.6) 

with {^pk} a uniformly orthonormal basis on L?‘{dB 2 ). 

In particular, we have 


r 2j2!(iV-y2)! 

- (A+ 2)! 

taKa-^i 

- (A + 1)! . 



Il^fclloo < cA2. 


( 3 . 7 ) 
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Assume we constructed a uniformly bounded orthonormal basis /i,..., f^riv+i 
for the space X. One can then apply Olevskii’s absorption scheme IfOllI to 
produce a uniformly bounded basis for Vj^ . We recall the construction. 
Define for k = 0,..., D — 1 


gk — O,k,0 "00 + • • • + CLk,N 'if^N + CLk,N+l /l + ' ' ' + Ofc.D-l f n{n+i) (3.8) 

2 


where A = {ak,£)o<k,e<D ^ 0{D) will be specified next. 
Let 


2^ <D < 2™+^ 


if 0 < A:,£ < 2™ 

ak,e = 0 for 0 < A; < 2”^, £ > 2”^ (3.9) 

ak/ = k/ for 2^ <k < D 

where hA^'> = H is the discrete Haar system on {0,1,..., 2”^ — 1}. Thus 


H{eo) = l[o,2’"[ 

= :y|^(l[0,2’"-i[ — 1[2”1-1,2"*[) 

< H[e2) = [—1[2"*-2,2"*-1[) (3.10) 

H{ez) = ^2m-l (l[2’"-l,2"*-l+2""-2[ — l[2m-l+2"i-2^2’"[) 

etc. 


Clearly A C 0(D). In view of (3.7)-(3.20), one easily verifies that 

'^logAf. 


||i7fclloo — C ( 


1 V2 (\/2) 

+ ^= + ---+ ^ ^ 


V 






< c 


N 

7B 


+ c>c. 


Hence it remains to construct a uniformly basis for X. 

Going back to Figure 1, let A" be a triangle congruent to A" with vertices 
at (N, 1), (a, and let T ; A" —)■ A" be an affine map. 

For k = {ki, k 2 ) G A", denote k = Tk. Note that 


A- 1 


Z2n(A'U A") = {1,...,A} X 


0 ,..., 


2 


(3.11) 
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Define for j = {ji,j 2 ) e A' 


Vj = 


N{N+1) 


Ukey 


fjih , j2k2\ 


keA' 


iV ^ A+1 
2 


jcfc + nfce( 


fceA" 


Af+l ) 


N 


+ 




(3.12) 


and for j G A" 
1 

Vj = 


^iV+l 


'feeA 


e ( 


/ii^2 , j2/i;2 


AT ^ 

2 


Cfc 




fjlki , i2^2 


fceA" 


iV ^ A±i 
2 


(3.13) 


where 




^52 S 3 


6 ■ — ■ 

^ II Ajl Ai2 AA''-il-J2 


iicrci^Cs 


11^2(353) 


and (wfc) = {uk-^ki) will be some unimodular sequenee. 

We first verify that (?7j)jgA'uA" is an orthonormal system. 
By orthogonality and (3.11), if j' G A' 




AtA+I 

2 fceA' 


E 


3i -Ji 


N 


ki + 


J 2 -J 2 

N+l 


k^ + 


, Ji Ji 1 .32 J 2 J 

e| —7T—H -]v+l“^2 


N 


fceA" 


E 


AtA+i 

2 i<fci<Ar 
0<fc2<-^“^ 


jl 3l J ,32 f2j\_x 

kl H-A1_L1 k2 ) — Ojj: 


N 


N+l 

2 




and similarly for j, f G A". 

For j G A', f G A", we obtain 

1 


E 


AtA+I 

2 l<fci<Ar 

0<fc2<^"^ 


, 3i - (i')i, , i2 - (i')2, » r n 

el--fci H-—/C 2 ) = d, 7 , = 0 . 


N 






Henee (?7j)jeA'uA" is a basis for X. 

Remains to introduee the sequenee Uk- This is the main novel input eom- 
pared with [|B]| (Rudin-Shapiro sequenee based eonstruetions do not seem 
to fit our purpose). 

Define 

Uki,k2 = e{V2{kl + kl)). (3.14) 

The only role of \/2 is its diophantine property 

min Ixl ||x\/2|| > c > 0 

x£'E,x^0 


(3,16) 
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(II II the distance to the nearest integer). Since \/2 is a quadratic irrational, 
it has a periodic and hence bounded sequence of partial quotients, hence 
(3.15). 

We will rely on the following two estimates, which also explain the role 
of (3.15). 


Lemma 4. Let Ii,l 2 be two arbitrary intervals of size Mi, M 2 and cen¬ 
ters Ci,C 2 . Rather than summing over A x I 2 we introduce a mollifica¬ 
tion, considering a smooth, symmetric, compactly supported bump function 
0<p<l and a weight The following inequalities hold 


(3.16) 


max 




ki - Cl 
Ml 


rk2 - C2 

V M 2 




< VM 1 M 2 


and 

(3.17) 


max y p 

k 


ki - Cl 
Ml 


/ fe2 - C2 
V M 2 


Uki,N-ki-k2 


< S/M 1 M 2 . 


Proof 

3.16 

Denotings' = p{^^)e{k.f)uk,vtQ obtain by squaring 



e((/c - k').f!) e^(\/2 {ki - k'fiki + k'l) + (/c 2 - k' 2 ){k 2 + k'f))^ 



e{V2{{ki - k'lfiki + k'l) + {k2 - k'^){k2 + A:'))) 


with ft' = Ip + 2\f2c. Making a change of variables i = k — k', i' = k-\-k', 
we obtain 


E 

11' 


h+^i\ fii-i'i 


2Mi 


P 


2Mi 


P 


2Mo 


P 


h-i2 

2 M 2 


e{V2{£ii'i+£2i'2)) 


which may be bounded by expressions of the form 




f£'i\ 


{ f) I / \ / /Kn /If ' 




f£' 2 \ 
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where Li, L; < Mi, La, L'^ < Ma. 

We estimate eaeh of the factors of (3.18). We have 


e,e' 


i\ 


5^Pi(y;)p2(^)e(^^')e(\/2U-^2) < Pi (7) j P2 (y7)e(\/2£f) 




f 


L' 


By Poisson summation, the inner sum in (3.19) equals 

L'^pa(L'(P-v/2f)) < 

1 

... {Lr\k-V 2 i\- + l 


kez 


L'V- 

i' r/\ 


(since pa is smooth) 


C 

< — 


1 


i' L'\\V2ep + i, 

and summation over £ gives 

C ^ 1 

^ £<L II ^^11^ + (L7 


At this point, we use (3.15). Clearly (3.15) implies 

|{<<L; ||V 2 (’||~ 2 -}||<| + 1 

which permits to bound (3.20) by 




s,2‘’<L' 

Hence (3.18) is bounded by Mi.M 2 , proving (3.16). 


(3.17) 


Now 

k 

hence 


ki- ci\ //ca - Ca 


(3.19) 


(3.20) 


Ml 


P 


Mo 


e{k.ip) e[V2[{N - ki - Pa)^ + ^ 1 )) 


|si = |Ei> 


~ Cl \ / A:a - Ca 


M 


Mo 


e(P.'0') e(\/2((fci + kiY + kl)) 
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for some 'll)' E M. Proceeding as before, we obtain instead of (3.18) the 
following bound on | S'p 

Pi(^)p2(^)pi(^)p2(^)e(£.V'') e(\/2((4 + ^ 2 ) +^ 1 ^ 1 )) 

D! D! 1 1 2 2 


<-Y.<>A^y 

e.i,i2 


L 2 




^'1 


y^P2(^j e(\/ 2 ( 2 £i + £2)^1) 'I y^P 2 (^je(v ^(4 + 4)^2) 

-'^1 /,/ -'^2 


fo 


V "V 1 1 

fv'i||\/2(2fi + 4)11^ +-^ Al|\/2(^1 + ^2)|P +-^ 

^2<i2 

Assuming Li >1^2, we obtain (performing first summation over £ 2 ) 
1 1 


E 


i;||x/2Ar + A L'1172(21-1-«IP + i5 

h<L2 


< C{L, + Ly ^ ^ \ 1 < C(L2 + L')(Li + L'l) < cMiAf, 

e^<Li -^illv2fi|| + 


proving (3.17). 


□ 


The next distributional considerations are very similar to those in llBlI . 
Fix ( E OB 3 . We have by (3.5) 


6fci,fc2(C) 


ki /-^2 /-N—k\—k2 


yKi/-K2/-r 
Si S 2 S 3 


V(^ + 2)!. 


(3.21) 


{2h\k2\{N - h - k2yy 

Let us assume N — ki — k 2 ^ N. Otherwise, assuming say k 2 x N, we 
switch variables, writing k 2 = N — ki — ks and in this case 


efci fcsfC) =- ^ ^ ^ - -J(N + 2)\. 

{2ky.ky.{N-ki-ks)\)-2 


(3.22) 


Writing 


I A I fell A I ^2 l'l A2 a2\ —— 

(3.21) = e{hi,,+h4:,+(N-h-h)^3) V(A' + 2)! 

(2fci!p2!(^ - ki- ^ 2)!)2 


for some 'il’i,^,^ (note that this first factor is harmless in view of the 
formulation of Lemma 4), we first need to analyze the distribution of 

N-k-j -k2 

(3.23) 


(Pi!P2!(iV-A:i-A:2)!)2 
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Set ti = |CiP,U = |C 2 p- By Stirling’s formula 


(3.23) 


^ 2)^{N + 2)t 

-ki- k\kl{N -ki- k^)-^ 


N.N^ 


k^^kl^^N -ki- fe)! V/ciAT-i 


tl \ ^1/2 / fa \ ^2/2 


koN 


-1 


1 -fi - 


1 - kiN-^ 
(3.24) 

and because of the normalization factor , in (3.12), (3.13), we may 

y 

drop the N factor in (3.24). 

Write for u = t + Au, Au = o{t) 


-) = e-(t+An)(^-i(^)2+...) ^ g-A«-i 

u) 


Hence (3.24) gives (after removal of the A-factor) 


As 


klkl{N -ki - fca)4 

and the distribution in (/ci, /i:a)-space locali z es to 


(3.25) 


|A:i-fiA| < 

|/ca — faN| < \/faN. 


(3.26) 


Thus, if we fix a center k = ([fiA], [faN]) (3.26) corresponds to the tile 


Qk = {k e A' U A"; \ki -ki\ < \/~ki, [fca - ^2! < Vh}- (3.27) 


Note that for (3.22), we obtain a tile with a different shape 

Q'j, = {k^ A'UA"; \ki-ki\ < \/Wi] \ki + k2-ki-k2\ < \/N -ki-k2] 

(3.28) 

or with 

1^1 - 1 ^ replaced by |/ca - ^ 2 ! < Vh- (3.29) 


h 

fcaA-i 
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1 

Going back to (3.12), (3.13), some attention is required due to the pres- 
enee of the different faetors 


k, 


h 


N 


‘N 


e[ji^+j 2 ^) ande[ji—+j 2 — 


. ki 




N 


‘N 


depending on whether k G A' or k G A". Eaeh argument is affine in k, 
but with a different expression. Henee it is natural to apply Lemma 4 to the 
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intersections 

g^nA' g^nA" (3.30) 

g',nA' g'^nA". (3.31) 

The Qk appear when A — fci — /c 2 x A and hence Qk H A', Qk n A" are 
still boxes. 

If Q'f^ Q'j^ n A" 7^ ^ (assuming, as we may, that A — /ci — /c2 < 

7 ^), clearly ~ ~ y and g'^ has length ~ \/A. Thus we may then 

in either case (3.28), (3.29) take for g'^ a box 

Q'k — {(^ 1 )^ 2 ) ^ A^UA^^; |^ 2 ~^ 2 | V^A and \ki-\-k2—ki—k2\ ^ \/N — ki 

The intersections Q'j^ fl A', Q'^ n A" have the same structure, i.e. /c 2 and 
ki + k 2 restricted to suitable intervals. 

Applying Lemma 4 to the summation for /c e g^ n A', /c e g^ fl A" 
(after proper mollification as required in Lemma 4) gives the bound 

Ai - - 1 

- -{kik2)-^ < C 

km{N - ki - k2y 

and for /c G g'^ n A', /c e g'^ fl A" (assuming ^2 x A) 

- — - -{h{N -h-~k2))~^ <C. 

klk^{N -ki - k'^)i 

Similarly to |IB]|, we perform a tiling of A' U A" as dictated by (3.25) and 
exploit the exponentially decaying factors to get a bounded collected con¬ 
tribution (the reader will easily check details). This completes the proof of 
Proposition 3. 
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